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a b s t r a c t
For a (molecular) graph, the first Zagreb index M1 is equal to the sum of the squares of
the degrees of the vertices, and the second Zagreb index M2 is equal to the sum of the
products of the degrees of pairs of adjacent vertices. If G is a connected graph with vertex
set V (G), then the eccentric connectivity index of G, ξ C (G), is defined as,
∑
vi∈V (G) diei,
where di is the degree of a vertex vi and ei is its eccentricity. In this report we compare
the eccentric connectivity index (ξ C ) and the Zagreb indices (M1 andM2) for chemical trees.
Moreover,we compare the eccentric connectivity index (ξ C ) and the first Zagreb index (M1)
for molecular graphs.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Graph theory has provided chemists with a variety of useful tools, such as topological indices [1]. Molecules are often
modeled by molecular graphs. Various graph-theoretical invariants are used to characterize molecular graphs. Also, graph-
invariants, called topological indices, are often used as descriptors in QSPR/QSAR. Nowadays, there exists a legion of
topological indices that found some applications in chemistry [2]. They can be classified based on the structural properties of
graphs used for their calculation. Hence, probably the best known and widely usedWiener index [3] is based on topological
distance of vertices in the respective graph, the Hosoya index [4] is calculated by counting of non-incident edges in a graph,
the energy [5] and the Estrada index [6–8] are based on the spectrum of the graph, the Randić connectivity index [9] is
calculated using the degrees of vertices, etc.
Let G = (V , E) denote a simple graph with n vertices andm edges, V (G) = {v1, v2, . . . , vn} andm = |E(G)|. The distance
between vi and vj in V (G), dG(i, j), is the length of a shortest vi − vj path in G. The eccentricity, ei of a vertex vi ∈ V (G) is
the maximum distance between vi and any other vertex in G. The diameter of G, d, is defined as the maximum value of the
eccentricities of the vertices of G. Moreover, the degree of a vertex vi ∈ V (G), di is the number of edges incident to vi.
Gutman and Trinajstić [10] derived a formula for estimating total pi-electron energy of conjugated systems. The first and
second Zagreb indices appeared in the consideration with their analysis. Later, the Zagreb indices were elaborated in [11]
and used in the structure–property model [2]. The first Zagreb index M1(G) and the second Zagreb index M2(G) of graph
G (see [2,10–22] and the references therein) are among the oldest and most studied topological indices. They are defined
as:
M1(G) =
−
vi∈V (G)
d2i
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Table 1
Values of ξ C ,M1 andM2 for the chemical tree T .
T ξ C (T ) M1(T ) M2(T ) T ξ C (T ) M1(T ) M2(T )
K1,1 2 2 1 T14 43 32 33
K1,2 6 6 4 T15 50 40 42
K1,3 9 12 9 T16 43 34 35
K1,4 12 20 16 T17 57 48 51
P4 14 10 8 T18 34 28 28
T1 19 16 14 T19 41 34 36
T2 24 22 21 T20 48 40 44
T3 24 24 22 T21 55 48 54
T4 29 30 30 T22 48 42 46
T5 34 38 40 T23 62 56 64
T6 24 14 12 T24 69 60 70
T7 31 20 18 T25 76 66 78
T8 38 26 24 T26 83 74 88
T9 45 34 32 T27 76 64 76
T10 38 28 26 T28 83 70 84
T11 52 42 40 T29 90 76 92
T12 29 20 19 T30 90 78 94
T13 36 26 26 T31 97 84 102
T32 104 92 112
and
M2(G) =
−
vivj∈E(G)
di dj,
where di is the degree of a vertex vi of G.
The eccentric connectivity index [23–26] of a graph G, denoted by ξ C (G), is defined as,
ξ C (G) =
n−
i=1
diei,
where di is the degree of the vertex vi and ei is the eccentricity of vertex vi in G.
The eccentric connectivity index provides good correlations with regard to both physical and biological properties
[27–31]. The simplicity amalgamatedwith high correlating ability of this index can be easily exploited in QSPR/QSAR studies.
Such studies can easily provide valuable leads for the development of potential therapeutic agents.We encourage the reader
to consult papers [32–35] for themathematical properties of eccentric connectivity index. Some recent results on the Zagreb
indices are reported in [36–44]. In this report we compare the eccentric connectivity index (ξ C ) and the Zagreb indices (M1
andM2) for chemical trees. Moreover, we compare the eccentric connectivity index (ξ C ) and the first Zagreb index (M1) for
molecular graphs.
2. Preliminaries
A connected graph with maximum vertex degree at most 4 is said to be a ‘‘molecular graph’’ [1]. A tree in which the
maximum vertex degree does not exceed 4 is said to be a ‘‘chemical tree’’. As usual, the star of order n is denoted by K1,n−1,
and the path of order n by Pn. A vertex of a graph is said to be pendant if its neighborhood contains exactly one vertex. An
edge of a graph is said to be pendant if one of its vertices is a pendant vertex.
3. Comparison betweenM1 index and ξC index
Now we consider for any chemical tree T , whether it is true that M1(T ) ≤ ξ C (T )? By Table 1, we have M1(T ) > ξ C (T )
for T = K1,3, K1,4, T4 and T5 (see K1,3, K1,4, T4 and T5 in Fig. 1). So we have the following theorem.
Theorem 3.1. Let T be a chemical tree of order n. Then
M1(T ) > ξ C (T ) for T ∼= K1,3, K1,4, T4, T5;
otherwise,
M1(T ) ≤ ξ C (T )
with equality if and only if T ∼= K1,1 or T ∼= K1,2 or T ∼= T3.
Proof. By Table 1, we haveM1(T ) > ξ C (T ) for T = K1,3, K1,4, T4, T5. If T ∼= K1,1, K1,2, T3, thenM1(T ) = ξ C (T ) holds. Other-
wise, T  K1,1, K1,2, K1,3, K1,4, T3, T4, T5. If 1 ≤ d ≤ 3, then all the chemical trees are shown in Fig. 1. Since T  K1,1, K1,2,
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Fig. 1. All the chemical trees of diameter 1, 2 and 3.
Table 2
Values of ξ C andM1 for the chemical graph G.
G ξ C (G) M1(G)
H5,1 20 80
H5,2 24 66
H8,3 70 86
H11,4 116 148
H16,5 222 242
H17,6 232 242
K1,3, K1,4, T3, T4, T5, one can see easily that all the remaining chemical trees P4, T1 and T2 in Fig. 1, satisfyM1(T ) < ξ C (T ), by
Table 1. Now we have to show thatM1(T ) < ξ C (T ) for diameter d ≥ 4. Since T is a chemical tree, 1 ≤ di ≤ 4 for vi ∈ V (T ).
For d = 4, the number of non-pendant vertices are at least three and at most five in T . There is exactly one non-pendant
vertex, say, vi has eccentricity 2 and all the other non-pendant vertices have eccentricity exactly 3. This vertex vi is called
the central vertex of T . For each non-pendant vertex vj ∈ V (T ), j ≠ i,−
k∈Nj,dk=1
(dkek − d2k)+ (djej − d2j ) ≥ 5.
Also we have diei− d2i ≥ −8. For each pendant vertex vk, dkek− d2k ≥ 2. Since there are at least three non-pendant vertices,
we have
n−
k=1
(dkek − d2k) > 0, that is,M1(T ) < ξ C (T ).
For d = 5, there are exactly two vertices, say, vp and vq have eccentricity 3 and all the other vertices have eccentricity
greater than or equal to 4 as T is a chemical tree. Alsowe have that there exist at least two pendant vertices with eccentricity
5 and for these pendant vertices vk ∈ V (T ), dkek − d2k ≥ 4. For vertex vp, vq ∈ V (T ),
dpep − d2p ≥ −4 and dqeq − d2q ≥ −4.
For all other vertices vk ∈ V (T ), dkek − d2k ≥ 0. From these results, we getM1(T ) < ξ C (T ).
For d = 6, there is exactly one vertex, say vi having eccentricity 3 and all other vertices have eccentricity greater than or
equal to 4 as T is a chemical tree. Also we have that there exist at least two pendant vertices with eccentricity 6 and for these
pendant vertices vk ∈ V (T ), dkek − d2k ≥ 5. For vertex vi, diei − d2i ≥ −4 and all other vertices vk ∈ V (T ), dkek − d2k ≥ 0.
Again we haveM1(T ) < ξ C (T ).
For d ≥ 7, all the vertices have eccentricity greater than or equal to 4 in T . Thus we have M1(T ) < ξ C (T ). Hence the
theorem. 
LetHn,d be themolecular graph of order nwith diameter d. In Fig. 2,molecular graphs of diameter 1 ≤ d ≤ 6 are satisfying
M1(T ) > ξ C (T ), by Table 2. Moreover, one can make easily that several molecular graphs of diameter 1 ≤ d ≤ 6 satisfy
M1(T ) < ξ C (T ), by Table 1. Hence we compare between ξ C index andM1 index for molecular graphs of diameter d ≥ 7 in
the following theorem.
Theorem 3.2. Let G be a molecular graph of order n. If d ≥ 7, then
M1(G) < ξ C (G).
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Fig. 2. Molecular graphs H5,1,H5,2,H8,3,H11,4 , H16,5 and H17,6 .
Proof. Since diameter d ≥ 7, thereforewemust have eccentricity of each vertex is greater than or equal to 4 and eccentricity
of at least one vertex is 5 in G. Again since G is a molecular graph, di ≤ 4 for any vertex vi ∈ V (G). From the above result,
one can see easily that
∑n
i=1 diei >
∑n
i=1 d
2
i . Hence the theorem. 
4. Comparison betweenM2 index and ξC index
In this section we compare between the second Zagreb index (M2) and the eccentric connectivity index (ξ C ). Now
we consider for any chemical tree T , whether it is true that M2(T ) ≤ ξ C (T )? By Table 1, we have M2(T ) > ξ C (T ) for
T = K1,4, T4, T5, T23, T24, T25, T26, T28, T29, T30, T31 and T32 (see K1,4, T4 and T5 are in Fig. 1; T23 is in Fig. 3; T24, T25 and T26 are
in Fig. 4; T28, T29, T30, T31 and T32 are in Fig. 5). So we have the following theorem.
Theorem 4.1. Let T be a chemical tree of order n. Then
M2(T ) > ξ C (T ) for T ∼= K1,4, T4, T5, T23, T24, T25, T26, T28, T29, T30, T31, T32;
otherwise,
M2(T ) ≤ ξ C (T )
with equality if and only if T ∼= K1,3 or T ∼= T27 (T27 is in Fig. 5).
Proof. If T ∼= K1,4, T4, T5, T23, T24, T25, T26, T28, T29, T30, T31, T32, then
M2(T ) > ξ C (T ).
If T ∼= K1,3 or T ∼= T27, then
M2(T ) = ξ C (T ).
Otherwise, T  K1,3, K1,4, T4, T5, T23, T24, T25, T26, T27, T28, T29, T30, T31, T32.
Now we consider the following cases:
Case (i): 1 ≤ d ≤ 3. In this case all the chemical trees are in Fig. 1. Since T  K1,3, K1,4, T4, T5, one can see easily that all the
remaining chemical trees K1,1, K1,2, P4, T1, T2 and T3 satisfyM2(T ) < ξ C (T ), by Table 1.
Case (ii): d = 4. In this case there are three to five non-pendant vertices in each tree T and exactly one non-pendant vertex,
say, vi has eccentricity 2, all the other non-pendant vertices have eccentricity exactly 3. If there are three non-pendant
vertices, then all the chemical trees are shown in Fig. 3. By Table 1, we checkM2(T ) < ξ C (T ) for all chemical trees T in Fig. 3
except T23. Otherwise, the number of non-pendant vertices are four or five in T . Suppose that there are four non-pendant
vertices in T . Then either di = 3 or di = 4.
1762 K.C. Das, N. Trinajstić / Computers and Mathematics with Applications 62 (2011) 1758–1764
Fig. 3. All the chemical trees of diameter 4 with exactly three non-pendant vertices.
Fig. 4. All the chemical trees of diameter 4 with exactly four non-pendant vertices vj such that at least three vertices of degree 4.
Subcase (a): di = 3. In that subcase∑k∈Nj,dk=1 dkek −∑k∈Nj,dk=1 djdk ≥ 0 for each non-pendant vertex vj, j ≠ i. Also we
have djej ≥ didj for any non-pendant vertex vj, j ≠ i. Thus we have∑nk=1 dkek−∑vjvk∈E(T ) djdk > 0, that is,M2(T ) < ξ C (T ).
Subcase (b): di = 4. In that subcase there is exactly one pendant vertex adjacent to vertex vi in T and hence dkek−didk = −1
for pendant vertex vk ∈ V (T ), vkvi ∈ E(T ). If 2 ≤ dj ≤ 3 (for any non-pendant vertex vj, j ≠ i), then∑k∈Nj,dk=1 dkek +
djej−∑k∈Nj,dk=1 djdk− djdi ≥ −1. Also we have diei = 8. Thus we have∑nk=1 dkek >∑jk∈E(T ) djdk, that is,M2(T ) < ξ C (T ).
Otherwise, there are at least two non-pendant vertices vj such that dj = 4. Since T  T24, T25, T26 (see Fig. 4), we must
have exactly one non-pendant vertex vj such that dj = 4, j ≠ i. For non-pendant vertex vj (dj = 4, j ≠ i) such that∑
k∈Nj,dk=1 dkek + djej −
∑
k∈Nj,dk=1 djdk − djdi = −4. One can see easily thatM2(T ) < ξ C (T ).
Next suppose that there are five non-pendant vertices in T . Then di = 4. If 2 ≤ dj ≤ 3 (for any non-pendant
vertex vj, j ≠ i), then ∑k∈Nj,dk=1 dkek + djej − ∑k∈Nj,dk=1 djdk − djdi ≥ −1. Also we have diei = 8. Thus we have∑n
k=1 dkek >
∑
jk∈E(T ) djdk, that is, M2(T ) < ξ C (T ). Otherwise, there are at least two non-pendant vertices vj such that
dj = 4. Since T  T27, T28, T29, T30, T31, T32 (see Fig. 5), we must have exactly one non-pendant vertex vj such that
dj = 4, j ≠ i. For non-pendant vertex vj (dj = 4, j ≠ i) such that∑k∈Nj,dk=1 dkek+ djej−∑k∈Nj,dk=1 djdk− djdi = −4. Thus
we haveM2(T ) < ξ C (T ).
Case (iii): d ≥ 5. In this case we use a similar technique as in Theorem 3.1 and finally we get M2(T ) < ξ C (T ). Hence the
theorem. 
5. Conclusion
In this report the comparison between eccentric connectivity index (ξ C ) and Zagreb indices (M1 and M2) is completely
solved for chemical trees. Besides chemical trees, molecular graphs are also treated and it has been shown that eccentric
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Fig. 5. All the chemical trees of diameter 4 with exactly five non-pendant vertices vj such that at least three vertices are of degree 4.
connectivity index is greater than first Zagreb index for diameter greater than or equal to 7. Comparison between eccentric
connectivity index and Zagreb indices, in the case of general trees and general graphs, remains an open problem.
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